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solution for uniform flow (uw/u. = 1), although in the latter
case v(y) # 0 because of the positive pressure gradient. Figure
1 and Table 1 show the variation of the normalized velocity
on the axis with the pressure gradient parameter n. The
velocity on the axis vanishes for n = 0.650; hence this solu-
tion corresponds, at least conceptually, to the rear stagnation
point found in steady wake flows.

The velocity profiles for various values of n are shown in
Fig. 2. It is noteworthy that the present solutions for sepa-
rated flow (3 < n < 0.648) yield much larger back-flow
velocities than do the two-dimensional solutions?® and are ap-
parently due to a ‘“‘squeezing” effect that is a result of the
axisymmetric geometry.
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Analysis of MHD Channel Entrance
Flows Using the Momentum Integral
Method

W. Craie MorraTT*
Massachusetls Institute of Technology, Cambridge, Mass.

HE use of integral methods for solution of the laminar

boundary-layer equations is a widely accepted technique
in ordinary hydrodynamics. In general, solutions are found
by integrating the equations in two steps: first in the direc-
tion normal to the wall, using an assumed velocity distribu-
tion, and then in the flow direction, where a new dependent
variable, the boundary-layer ‘“thickness,” arises as a result of
the first integration. Such methods are of limited usefulness,
since they give no indication of the detailed nature of the
flow; however, they have proved to be of considerable value
in assessing such effects as skin friction and heat transfer, the
solutions for which prove to be relatively insensitive to the
particular profiles assumed.

Several authors have attempted to apply integral methods
to MHD flows, using simple parabolic' 2 or Karman-Pohl-
hausen? velocity distributions. Although these solutions show
the correet qualitative behavior (eg., the asymptotic ap-
proach to a constant boundary-layer thickness when the
magnetic field is applied normal to the surface and the flow),
the quantitative results are suspect, primarily because of the
assumed parabolic profile.

The success of such profiles in ordinary hydrodynamic en-
trance flows (e.g., Sparrow?) probably can be attributed to the
fact that the asymptotic solution far from the channel en-
trance (plane Poiseuille flow) can be found exactly and yields
a parabolic distribution. Correspondingly, it would be ex-
pected that the logical distribution to use for MHD entrance
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Fig. 1. Schematie¢ diagram of entrace to MHD channel.
The value of K = E/UB is determined by the nature of the
external electrical connection between the electrodes.

flows would be the asymptotic solution for the magnetic case,
i.e., Hartmann flow.

Several authors have treated these flows using other tech-
niques. For example, Roidt and Cess,® following a method
developed by Schlichting for nonmagnetie flow, divided the
entrance region into two sections, an upstream section where
the solution was patterned after the Blasius series solution,
and a downstream section where the velocity was expressed
as the fully developed profile plus a deviation velocity. On
the other hand, Shohet et al.s solved the entrance region
problem numerically by writing the momentum and con-
tinuity equations in a stable finite difference form. The pur-
pose of this note is to present the results of a solution based
on the momentum integral method using an assumed Hart-
mann-like velocity distribution.

For fully developed, incompressible, steady flow of an elec-
trically conducting fluid at low magnetic Reynolds number in
the channel shown in Fig. 1, the 2-momentum equation be-
comes '

(dp/dx) + jB — w(d*uw/dy*) = 0 1)
where, in the absence of Hall effects,
Jj=ouB — E) 2

In these equations, j is the current density, o the elec-
trical conduectivity of the fluid, and B and E the imposed mag-
netic and electric field strengths, respectively. These equa-
tions can be readily solved (see, for example, Ref. 7) to yield

_(E _ dp/ds cosh {M (1 — y/M}7 '
- (-2 ]

coshM

where M = Bh(o/p)*'2 is the Hartmann number. Since the
first bracketed term in Eq. (3) is constant for fully developed
flow, a dimensionless velocity distribution

w  coshM — cosh{M(1 — y/h)}

Ue B coshM — 1 @)

can be formed, where u. is the velocity at the center of the
channel.

The momentum and continuity equations for boundary
layers on the nonconducting walls of the channel shown in
Fig. 1 may be written as

o du_ 1% B udu
ubx+vby_ p Ox p +pby2 ®)

(ou/oz) + (ov/oy) = 0 (6)
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Fig. 2. Pressure distribution in entrance region of chan-
nel for several operating conditions at M = 4.

Following the standard integral procedure (e.g., Ref. 1),
Eqs. (5) and (6) may be integrated in the y direction between
the limits 0 and 8, where § is the boundary-layer thickness
(i.e., the value of y such that, for y > §, 4 = u,). The result-
ing momentum equation is

dut. —ouB¥* u (50
dr p pJo oy

Ue? g + (ud* + 2ub)

where 6%, the displacement thickness, is defined as

5*Ef0" (1 - %) &y ®

and 6, the momentum thickness, as

ozf(f ;‘7 <1 - %) dy )

Similarly, the continuity equation becomes
0* + h(U/u. — 1) =0 (10)

where U is the assumed uniform axial velocity at the inlet to
the channel. Note that, in the entrance region of the channel,
u, 18 a function of x.

To obtain a solution to Eq. (7), §* and 8 must be found from
Eqgs. (8) and (9) based on an assumed distribution of u/u,
with y. By virtue of the reasoning outlined in the foregoing,
a relation of the form

u _ coshM — cosh{M(1 — y/8)} an
N coshM — 1
is appropriate. This equation is identical with Eq. (4), except
that A has been replaced by 8. This profile satisfies the bound-
ary conditions:

U,

y = 0: uw =0
y = 0: U = U
du/dy = 0

Tt does not, however, satisfy the condition (d%u/dy%,-5 = 0
For the limiting case of very small Hartmann numbers, it can
be easily shown by expansion of the hyperbolic cosine terms
that Eq. (11) reduces to the parabolic form used by Sparrow.4

Substitution of Eq. (11) into Eqgs. (8) and (9) yields the re-
sults

0 = Kb (12)
9 = K (13)

1 (stnhM — M
- 14
K M(coshM—l) (4)

where

VOL. 2, NO. 8
1 sinh M
K= o= 7 o = 5 -
cosh?M — (2/M) coshM sinhM + % + (sinh2M /4M)
(15)
coshM — 1

Furthermore, the last term on the right-hand side of Eq. (7)
becomes

Bo(oou, K
b S =~ (16)
where
Ky = M sinhM/(coshM — 1) an

From Eq. (12) and the continuity relation, Eq. (10), the
boundary-layer thickness becomes .

8 = (W/Ky(l — U/u,) s)

Substitution of Eqgs. (12-18) into the momentum equation
(7) yields, after rearrangement,

chl _ K;Kyu,'? — (uc' - 1)21142
di (Ko K)@u' — 1) + [1 + 2K/K)](w' — 1)%}
(19)
where
u.' = u,/U £ = xu/ph®U

The pressure distribution in the channel entrance region can
be found by writing the momentum equation for the free-
stream as

dp/dx = — pu.(du./dx) — j.B (20)
From Eq. (2), it is evident that
je = c(u.B — E)
= ou.B[1 — (K/u.")]

where K = E/UB. The physical significance of the quantity
K/u,' is as follows:

K/u’' =0 electrodes short-circuited
0< K/u.’ <1 channel acts as a generator
K/u' =1 electrodes open-circuited
K/u' > 1 channel acts as a pump

In dimensionless form, Eq. (20) becomes
dp'[dE = 2u.'(du,’/dE) + 2M*(w.” — K) (21)

where p' = (Py — P)/3pU?, P is the pressure at any value
of £ and P is the pressure at £ = 0.

Equations (19) and (21) were solved numerically, and the
results are shown in Fig. 2 for several values of K when M/ = 4.
The agreement between the pressure distributions, found from
the simple integral method and the more complex techniques
of Refs. 5 and 6, is seen to be remarkably good.

In order to ascertain the effect of the assumed boundary-
layer velocity profile on the entrance region pressure distribu-
tion, the calculations were repeated using the parabolic profile
of Refs. 1 and 2. It was found that, close to the channel
entrance, the results were in substantial agreement with those
of Shohet et al.; however, at the large values of £, discrepan-
cies as large as 209, were encountered. This result is not
surprising because, near the entrance to the channel, the ratio
of magnetic to inertia forces (M2§) is small, and the boundary-
layer growth will correspond to that for ordinary viscous
flows. Thus, for M2¢ < 1, the parabolic profile should yield
acceptable results. However, further down the channel
(M2g > 1), the boundary-layer growth is governed primarily
by magnetic and viscous forees, and in this region the velocity
distribution in the layer is more nearly like the flat Hartmann-
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like profile of Eq. (11) than a parabola. It is for this reason
that the present analysis would seem to be appropriate for
those cases where magnetic effects are important over a sig-
nificant portion of the channel length.
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Equilibrium Electron Density on Mars

Epwarp D. Suang*
Avco Corporation, Wilmington, Mass.

N order to investigate the possibility of communication
blackout during entry into the Martian atmosphere, it is
necessary to make estimates of the expected electron concen-
tration. The following contains thermochemical equilibrium
values of electron concentration corresponding to five mod-
elst 2 of the Martian atmosphere as a function of temperature
and density. The results show that at a given temperature
and density the electron concentration on Mars will be less
than that on Earth, and that this is most evident at low
temperatures and high densities.
The five atmospheric models considered are shown in Table
1. Tigures 1-5 show equilibrium electron concentration for
the various atmospheric models as a function of temperature
and density. Figures 6 and 7 show electron concentration
for all 5 models and for the Earth’s atmosphere? as a function
of density at 2000° and 5000°K, respectively.
In all of the atmospheres in which both nitrogen and oxygen
are assumed present, the prineiple source of electrons is due
to ionized NO at 2000° and 3500°K and to both NO and C

Table 1 Mars atmospherie models

Atmospheric model Percent composition

CO, A N,

Kaplan!

1 65 35 0

2 43 32 25

3 11 13 76
Spiegel?

4 7.2 6.0 86.8

5 0.7 0.6 98.7
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at 5000°K. For the atmospheric model in which nitrogen
is assumed absent, the electron density is essentially due to
ionized O, at the lower temperatures and to O, O, C, and CO
at 5000°.
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Fig. 1 Equilibrium electron density, 65% CO:, 35% A.
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